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Causality and double-negative metamaterials

Richard W. Ziolkowski* and Allison D. Kipple†
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~Received 9 May 2003; published 29 August 2003!

The causality of waves propagating in a double-negative~DNG! metamaterial (« r,0 andm r,0) has been
investigated both analytically and numerically. By considering the one-dimensional electromagnetic problem
of a pulsed current sheet radiating into a DNG medium, it is shown that causality is maintained in the presence
of a negative index of refraction only if the DNG medium is dispersive. A Drude model DNG medium is used
in this study. Spectrograms of the wave phenomena in the dispersive DNG medium show that the higher
frequency components, which create the leading edge of the electromagnetic signals and see a double positive
~DPS! medium (« r.0 andm r.0), arrive causally before the negative index effects germinate completely.
Comparisons with approximate analytical results demonstrate the presence of the negative index of refraction
properties in the continuous wave portion of the signals. This dynamic pulse reshaping between the positive
and negative index of refraction wave components causes an apparent delay in the realization of the negative
index of refraction properties. Pulse broadening of the signal tails is associated with both dispersion and a
larger negative index of refraction seen by the associated wave components.

DOI: 10.1103/PhysRevE.68.026615 PACS number~s!: 41.20.Jb, 42.25.Bs, 81.05.Zx, 03.50.De
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I. INTRODUCTION

The index of refraction of a double-negative~DNG!
metamaterial, i.e., a material with both negative permittiv
and negative permeability~see, for instance,@1–4#!, has been
shown to be negative~see, for instance,@5–7#!. There are
now several theoretical and experimental studies that h
been reported confirming this negative index of refract
~NIR! property and applications derived from it, such
phase compensation and electrically small resonators@8#,
negative angles of refraction@8–13#, enhanced focusing
@14–17#, backward wave antennas@18#, Čerenkov radiation
@19#, photon tunneling@20,21#, and enhanced electricall
small antennas@22#. These studies rely heavily on the co
cept that a continuous wave~CW! excitation of a DNG me-
dium will lead to a NIR and, hence, to negative phase ter

If one considers carefully the ramifications of a homog
neous, nondispersive DNG medium and the resulting N
one immediately encounters a paradox in the time domai
source in such a DNG medium will generate a signal t
propagates noncausally. On the other hand, many of the
studies have been based on numerical simulations in the
domain of dispersive DNG metamaterials. In fact, as sho
in @5#, realistic DNG metamaterials must be dispersive. H
then does one reconcile the CW NIR properties associ
with a nondispersive DNG medium with causal pulse pro
gation in a dispersive DNG medium? Can one rely on
signs of NIR applications that rely on the CW behavior
the corresponding nondispersive DNG medium?

In this paper, the issue of causality in DNG metamater
is considered by studying the one-dimensional electrom
netic problem of a pulsed source in a DNG medium. A los
dispersive Drude model is used to create the DNG medi
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A finite difference time domain~FDTD! numerical solution
of the problem is obtained. The source is driven by an ex
tation pulse that is based on a sinusoid and a smooth e
lope. It is demonstrated that both the expected causal pr
gation and the NIR effects are obtained. Other rec
considerations of causality~e.g., @13,23#! have, in effect,
been limited to narrow bandwidth considerations. The cor
sponding nondispersive DNG medium problem is then c
sidered. It is demonstrated analytically that only a noncau
exact solution exists. The noncausal analytical DNG solut
and the causal FDTD DNG results are then reconciled by
presence of dispersion. It is shown that the leading edg
the pulse, which is associated with high frequencies, pro
gates causally in a double-positive~DPS! medium ~i.e., a
normal medium that has both positive permittivity and po
tive permeability!, while the CW portion of the pulse sense
the DNG medium and exhibits the NIR effects. The slow
speed components appear to accumulate in the trailing e
Both the leading and trailing edges of the pulse are show
be strongly affected by the presence of dispersion. Using
nondispersive results to guide the construction of appro
mate solutions to the dispersive DNG medium problem, i
shown that the NIR effects obtained for the dispersive c
coincide with those predicted by the nondispersive case.
also shown that observed time delays in the realization of
NIR properties are directly associated with the transit
from the causal DPS response to the DNG one. These ob
vations reinforce the fact that DNG metamaterials and
associated NIR results are physical and that their experim
tal confirmation is consistent with the underlying wa
propagation physics.

II. 1D-FDTD SIMULATOR

A one-dimensional FDTD simulation environment w
utilized to study the characteristics of signals produced b
pulsed source in a DNG medium. This one-dimensional
©2003 The American Physical Society15-1
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vironment was convenient and incorporated all of the nec
sary physics. The field components were assumed to bEx
and Hy with the direction of propagation taken along thez
axis. An electric current plane-wave source was located
the planez50, at the center of a very large DNG slab. T
DNG slab was surrounded by free space and was center
the FDTD domain. This slab geometry was used in order
standard, exact absorbing boundary conditions could be
plied at the edges of the FDTD simulation space. The pr
lem geometry is shown in Fig. 1.

As in @6#, lossy Drude polarization and magnetizatio
models were used to simulate the DNG medium. In the
quency domain, assuming an exp(2ivt) time dependence
this means the permittivity and permeability were describ
as

«~v!5«0S 12
vpe

2

v~v1 iGe!
D ,

m~v!5m0S 12
vpm

2

v~v1 iGm!
D . ~1!

The corresponding time-domain equations for the polar
tion, Px , and the normalized magnetization,Mny5M y /m0 ,
fields were

] t
2Px1Ge] tPx5«0vpe

2 Ex ,

] t
2Mny1Gm] tMny5m0vpm

2 Hy . ~2!

The normalized magnetization was introduced to make
electric and magnetic field equations completely symmet
By introducing the induced electric and magnetic current

Jx5] tPx ,

Ky5] tMny , ~3!

and the source current,Js , the field and current equation
used to model the waves generated by a pulsed source
DNG medium became

] tEx52
1

«0
~]zHy1Jx1Js!,

] tJx1GeJx5«0vpe
2 Ex ,

] tHy52
1

m0
~]zEx1Ky!,

] tKy1GmKy5m0vpm
2 Hy . ~4!

A lossless, nondispersive DPS medium was used as a c
parison case. In such a DPS medium, the corresponding
and current equation set was simply
02661
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] tEx52
1

«0
~]zHy1Js!,

] tHy52
1

m0
]zEx . ~5!

Equation sets~4! and ~5! were solved self-consistentl
and numerically with the FDTD approach@24,25#, i.e., these
equations were discretized with a standard leap-frog in tim
staggered grid approach. The electric field component
taken at the cell edges for integer time steps; the magn
field components were taken at the cell centers for h
integer time steps. The electric and magnetic currents w
located in space at the cell centers, and their time ass
ments were opposite to the corresponding electric and m
netic field components, i.e., the magnetic current compon
were sampled at integer time steps and the electric cur
component was sampled at half-integer time steps. This
lowed a FDTD stencil that properly simulated matched m
dium conditions. The time step was set at 0.95 of the Cou
value, i.e.,Dt50.95Dz/c.

In all cases, the center frequency of interest was chose
be f 0[v0/2p530 GHz, corresponding to a free-spa
wavelengthl051.0 cm. Only matched media atf 0 were
considered, i.e.,

Z~v0!5Am~v0!

«~v0!
5Am0

«0
5Z0 . ~6!

Matching was obtained by setting the parameters for
electric and magnetic Drude models to be identical, i
vpe5vpm5vp andGe5Gm5G. In all cases, only low loss
values were considered by settingG5101855.31
31024v0 . This value was selected to connect these res
to those presented in@6# and@12#. A DNG medium matched
to free space atf 0530 GHz was considered, i.e.,

n~v0!5A«~v0!

«0
Am~v0!

m0
5A« r~v0!Am r~v0!521.

~7!

This requiredvp52p& f 052.6657331011 and, hence,G
53.7531024vp .

The source was given by the expression

FIG. 1. ~Color online! Configuration of the one-dimensiona
electromagnetic current sheet problem.
5-2
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CAUSALITY AND DOUBLE-NEGATIVE METAMATERIALS PHYSICAL REVIEW E 68, 026615 ~2003!
JW~z!5Js~z!x̂52d~z!S~ t !x̂. ~8!

It was modeled in the FDTD simulation space by introduc
the equivalent sourceJsx̂5 ẑ3Hyŷ, i.e., Hy,source5S(t) at
the source plane. The input time signal was causal and
defined by

S~ t !5g~ t !sin~v0t !, ~9!

where the multiple cyclem-n-m envelope is given by the
expression

g~ t !55
0 for t,0

gon~ t ! for 0<t,mTp

1 for mTp<t,~m1n!Tp

goff~ t ! for ~m1n!Tp<t,~m1n1m!Tp

0 for ~m1n1m!Tp<t,
~10!

where the period Tp51/f 0 . With the terms xon(t)
5t/(mTp) andxoff(t)5@ t2(m1n)Tp#/(mTp), the continu-
ous, two derivative smooth functionsgon and goff can be
written as

gon~ t !510xon
3 ~ t !215xon

4 ~ t !16xon
5 ~ t !,

goff~ t !512@10xoff
3 ~ t !215xoff

4 ~ t !16xoff
5 ~ t !#. ~11!

The functiongon(t) goes smoothly from 0 to 1 inm periods;
the functiongoff(t) goes smoothly from 1 to 0 inm periods.
The functionf (t) thus turns on smoothly inm periods, main-
tains a constant amplitude forn periods, and turns off
smoothly inm periods. The more cycles in the center po
tion, i.e., the largern is, the narrower the bandwidth and th
closer the input pulse is to a CW signal. The shorter
turn-on and turn-off sections are, i.e., the smallerm is, the
broader the bandwidth is and, in particular, the more h
frequency content there is in the pulse.

The simulation space was discretized into cells with
lengthDz5l0/1005100 mm. The FDTD predicted electric
field values atz5100Dz and z5120Dz for a 5-10-5 input
pulse in the dispersive DNG medium are shown in Fig. 2~a!.
An expanded view of the leading edge of these pulse
shown in Fig. 2~b!. The corresponding FDTD predicted ele
tric field values for a lossless nondispersive DPS med
with n511 are shown in Figs. 3~a! and 3~b!. Comparing
these sets of figures, one can clearly see that, as in the
case, the fronts of the signals in the DNG medium arr
causally at the observation points. In the DPS case, the p
of the central, CW portion of the pulse observed at the m
distantpoint 2occur later in time than they do atpoint 1. In
contrast, one can see that in the DNG case the NIR eff
~e.g., negative phase and phase velocity! evolve as the CW
portion of the signal is realized, e.g., the peaks of the C
portion of the pulse observed at the more distantpoint 2
occur earlier in time than they do atpoint 1. Dispersive
effects are also apparent in the DNG results as the obse
02661
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tion points move farther away from the source. These res
are consistent with those reported in@6# for a DNG slab.

III. ANALYTICAL CONSIDERATIONS

Consider now the plane-wave source in a hypothet
lossless, nondispersive DNG medium with« r5m r521. The
Maxwell equations become

] tEx5
1

u«u ~]zHy1Js!,

] tHy5
1

umu
]zEx . ~12!

First, let the excitation signal be given by the expression

S~ t !5@H~ t !2H~ t2T!#sin~v0t !, ~13!

FIG. 2. ~Color online! FDTD predicted electric field values in
the DNG medium for the 5-10-5 input pulse~a! measured at the
points z5100Dz and z5120Dz and ~b! zoomed to the front of
those pulses, whereDz5100 mm.
5-3
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whereT5(m1n1m)Tp and the Heaviside function

H~ t !5H 0 for t,0

1 for t>0.
~14!

Introducing the variable

t05u«uumuuzu, ~15!

it is readily shown that the solution to Eqs.~12! and ~13! is

Ex~z,t !5
1

2

umu1/2

u«u1/2 @H~ t1t0!2H~ t1t02T!#sin@v0~ t1t0!#,

Hy~z,t !5
1

2
sgn~z!@H~ t1t0!2H~ t1t02T!#

3sin@v0~ t1t0!#, ~16!

where

FIG. 3. ~Color online! FDTD predicted electric field values in
the DPS medium for the 5-10-5 input pulse~a! measured at the
points z5100Dz and z5120Dz and ~b! zoomed to the front of
those pulses, whereDz5100 mm.
02661
sgn~z!5H 21 for z,0

11 for z>0.
~17!

We note for completeness that]zuzu5sgn(z) and]z sgn(z)5
12d(z).

The corresponding DPS medium results with« r5m r5
11 are described by the Maxwell equations

] tEx52
1

u«u ~]zHy1Js!,

] tHy52
1

umu
]zEx , ~18!

and their solutions

Ex~z,t !5
1

2

umu1/2

u«u1/2 $H~ t2t0!2H@ t2~ t01T!#%

3sin@v0~ t2t0!#,

Hy~z,t !5
1

2
sgn~z!$H~ t2t0!2H@ t2~ t01T!#%

3sin@v0~ t2t0!#. ~19!

Comparing the two results, Eqs.~16! and ~19!, one can
clearly see that the lossless, nondispersive DNG medium
lution is noncausal. This observation is in complete agr
ment with those made in@5#.

Similarly, with them-n-m excitation pulse given by Eq
~9!, the DNG medium solution is

Ex~z,t !5
1

2

umu1/2

u«u1/2 g~ t1t0!sin@v0~ t1t0!#,

Hy~z,t !5
1

2
sgn~z!g~ t1t0!sin@v0~ t1t0!#, ~20!

and the DPS medium solution is

Ex~z,t !5
1

2

umu1/2

u«u1/2 g~ t2t0!sin@v0~ t2t0!#,

Hy~z,t !5
1

2
sgn~z!g~ t2t0!sin@v0~ t2t0!#. ~21!

The DNG medium result is again noncausal while the D
medium result is causal. The FDTD results shown in Fig
recover the DPS solution~21! to within 0.1%.

Led by the observed combination of causal envelopes
NIR effects of the central portions of the DNG FDTD re
sults, we consider the following approximate analytical so
tions to the fields produced by the abrupt and smoothed w
dowed sine waveforms, respectively:
5-4
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Ex~z,t !5
1

2

umu1/2

u«u1/2 $H~ t2t0!2H@ t2~ t01T!#%

3sin@v0~ t1t0!#,

Hy~z,t !5
1

2
sgn~z!$H~ t2t0!2H@ t2~ t01T!#%

3sin@v0~ t1t0!#, ~22!

and

Ex~z,t !5
1

2

umu1/2

u«u1/2 g~ t2t0!sin@v0~ t1t0!#,

Hy~z,t !5
1

2
sgn~z!g~ t2t0!sin@v0~ t1t0!#. ~23!

These solutions would allow for forward propagation in tim
while maintaining the solution’s negative CW phase char
teristics. Inserting the proposed solution~22! into Eqs.~12!,
one finds that it does not exactly solve them. The defect
this proposed solution occur asd-function contributions att
5t0 andt5t01T. Similarly, inserting the proposed solutio
~23! into Eqs. ~12!, one finds that it also is not an exa
solution and its failings as an exact solution occur as def
proportional to the derivatives of the turn-on and turn-
portions of the envelope functiong. Note, however, that the
CW portions of both of these proposed solutions do sat
the Maxwell equations. Consequently, since the defects
highly localized, we will take Eqs.~22! and~23! as approxi-
mate solutions for the DNG case.

The electric field components of the approximate anal
cal solutions~22! and~23! for the 5-10-5 excitation pulse ar
compared at the pointz5100Dz in Fig. 4. Approximation 1
denotes the electric field component given in Eqs.~22!; ap-
proximation 2 denotes the electric field component given
Eqs.~23!. Complete agreement of the CW portions of the
results is observed, as expected. Their differences

FIG. 4. ~Color online! Approximate electric field values in th
DNG medium for the 5-10-5 input pulse andDz5100 mm mea-
sured at the pointz5100Dz.
02661
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cur simply in how each of them is turned on and off. We no
that the approximate solution~22! contains extremely high
frequency content because of its abrupt turn-on and turn-
The n-m-n form is more realistic and, as Fig. 4 shows,
contains the essential characteristics of this limiting case

The electric field component of the approximate soluti
given by Eqs.~23! for the 5-10-5 excitation pulse is com
pared to the corresponding FDTD results for the dispers
DNG medium at the pointsz530Dz and atz5100Dz in
Figs. 5~a! and 5~b!, respectively. The corresponding resu
for a 2-16-2 excitation pulse were also obtained. Because
turn-on and turn-off portions of the 2-16-2 pulse are shor
the time discretization was halved by decreasing the spa
discretization by a factor of 2 toDz855.031025 m. The
electric field component of the approximate solution giv
by Eqs.~23! for the 2-16-2 excitation pulse is compared
the FDTD result for the DNG medium at the points,z
560Dz8 andz5200Dz8, in Figs. 6~a! and 6~b!, respectively.
These observation points are located at the same dista
away from the source,z50.003 m andz50.01 m, as they
are for the 5-10-5 excitation pulse case.

From both sets of results, one can clearly discern

FIG. 5. ~Color online! Comparison of the FDTD predicted an
approximate analytical electric field values in the DNG medium
the 5-10-5 input pulse measured at the points~a! z530Dz and ~b!
z5100Dz, whereDz5100 mm.
5-5
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causal nature of the entire FDTD solution. One can also
that the NIR effects in the CW portions of the FDTD and t
approximate results agree quite well. Thus, the NIR effe
associated with a CW analysis are indeed recovered by
lossy, dispersive FDTD results. Clearly, if the loss we
larger, the clarity of these CW components will be lo
among the dispersive effects. This occurs even for
present cases as the observation points move much fa
away from the source plane.

One can also immediately see from Figs. 5 and 6 that
main differences between the FDTD and the approxim
results occur principally in the turn-on and turn-off portio
of the envelope, as expected from the approximate solu
analysis. The presence of dispersion is clearly seen in th
regions. The faster turn-on envelope of the 2-16-2 pu
shows less dispersive effects than does the 5-10-5 excita
pulse. This might be expected since the turn-on portion
the envelope of the 2-16-2 pulse has higher frequency c
tent than does the corresponding portions of the 5-10-5
velope. Consequently, according to the Drude model, it s
a medium more like free space and less dispersion. On

FIG. 6. ~Color online! Comparison of the FDTD predicted an
approximate analytical electric field values in the DNG medium
the 2-16-2 input pulse measured at the points~a! z560Dz8 and~b!
z5200Dz8, whereDz8550 mm.
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other hand, there are larger differences in the turn-off p
tions of the 2-16-2 excitation pulse results than there are
those produced by the 5-10-5 excitation pulse. This trail
edge has more of its own higher and lower frequency co
ponents that are subject to dispersion; and it accumul
more of the slower moving, lower frequency compone
generated in the earlier portions of the pulse. Moreover, co
paring the set of results at the point closer to the source w
the one farther away from it, one observes that there are t
delays between when the CW NIR effects are complet
present and when they lose their dominance to the disper
effects and that these delays increase as the observation
moves farther away from the source.

IV. SPECTROGRAM CONSIDERATIONS

How is it then that the dispersive effects reconcile t
NIR and causal behaviors? To address this issue, we h
studied spectrograms@26,27# of the source-generated puls
as it arrives at various observation points in the DNG m
dium. We recall that the magnitude of the phase and gr
speeds of the wave in the low loss limit are given, resp
tively, by the expressions

uvp~v!u5
c

u« r u1/2um r u1/25
c

u11Re~x!u
'

v2

uv22vp
2u

c,

~24!

vg~v!5
c

11Re~x!1v]v@Re~x!#
'

v2

v21vp
2 c, ~25!

where the real part of the susceptibility Re(x)5Re
@2vp

2/v(v1iG)#'2vp
2/v2. We also recall that the point in

the frequency spectrum of the Drude model that isolates
DNG and the DPS regions occurs when« r5m r50, i.e.,
when v5vp , hence when f 5& f 0542.42 GHz. Well
above this frequency, the permittivity and permeability a
those of free space. Thus, the highest frequency compon
propagate causally in a medium that looks like free space
particular, these components are the ones mainly respon
for the turn-on and turn-off portions of the envelope. T
lower frequencies propagate with speeds slower than t
value at the CW portion of the pulse,v0 , i.e., uvp(v0)u
'c.

To illustrate these effects, the spectrograms of the 1-1
2-16-2, and 5-10-5 generated electric field pulses az
50.01 m in the dispersive DNG medium were obtaine
They are plotted in Figs. 7–9, respectively. The spectrogra
were generated by taking Blackman-windowed Four
transforms at every fourth sample in the signal data@26,27#.
The number of signal samples analyzed by each transf
was determined such that, after the data selection was
dowed, the selection would represent at least a few an
most several wavelengths, depending on its frequency c
ponents. As a result, 512 signal samples were used in
transforms of the 5-10-5 pulse results, and 1024 sig
samples were used in transforms of the 1-1-1 and 2-1
pulse results. Note that the spectrograms produced usi
smaller signal slice in the Fourier transform became
noisy for interpretation, and larger signal slices resulted

r

5-6
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broad areas in the spectrogram where the entire signal s
trum was displayed. The use of larger signal slices a
shifted the estimates for the arrival times of various frequ
cies. The Fourier transforms were zero-padded to a siz
4096 to obtain sufficient resolution (,1 GHz sample spac
ing! near the center frequency~30 GHz! of the signals.

The resulting spectrograms shown in Figs. 7–9 then in
cate, respectively, a good approximation of the freque
components present at the locationz50.01 m at various
points in time for the 1-1-1, 2-16-2, and 5-10-5 cases. T
three-cycle, 1-1-1 pulse spectrogram in Fig. 7 shows a ne
tive slope. The higher frequencies propagate faster, he
they arrive sooner than the lower frequency compone
While this behavior is present in the turn-on and turn-
portions of the results shown in Figs. 8 and 9, it is cleare

FIG. 7. ~Color online! Spectrogram of the FDTD predicted fiel
values in the DNG medium measured at the pointz5200Dz8 for
the 1-1-1 input pulse, whereDz8550 mm.

FIG. 8. ~Color online! Spectrogram of the FDTD predicted fiel
values in the DNG medium measured at the pointz5200Dz8 for
the 2-16-2 input pulse, whereDz8550 mm.
02661
ec-
o
-
of

i-
y

e
a-
ce
s.
f
n

Fig. 8 since the 2-16-2 pulse has faster rates of change
are more closely related to the 1-1-1 case.

A plot of the Fourier transform output for data sectio
near the leading edge, central portion, and trailing edge
the FDTD DNG results for the 2-16-2 input pulse is show
in Fig. 10. All of the spectra are normalized to unity fo
comparison purposes. This figure clearly demonstrates
the leading edge of the pulse has significantly higher f
quency content, the central portion of the pulse is domina
by the CW frequency, and the trailing edge of the pulse
significantly lower frequency content. Correlating this wi
Fig. 8, one then sees that those frequencies, hence the
ing front of the pulse, arrive first to preserve causality.

To further investigate this dynamic pulse reshaping
tween the positive index of refraction~PIR! high frequency

FIG. 9. ~Color online! Spectrogram of the FDTD predicted fiel
values in the DNG medium measured at the pointz5100Dz for the
5-10-5 input pulse, whereDz5100 mm.

FIG. 10. ~Color online! Normalized frequency composition o
the ~1! leading edge,~2! central portion, and~3! trailing edge of the
DNG FDTD result measured at the pointz5200Dz8 for the 2-16-2
input pulse, whereDz8550 mm.
5-7
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components and the NIR center frequency and low
quency components, the differences between the spe
grams of the FDTD dispersive DNG results and the appro
mate solutions~23! were obtained. These spectrograms w
also zero-padded at negative times to clarify the freque
components in the earliest portions of the signals. The 2-1
results measured atz50.01 m are shown in Fig. 11. Al
though the FDTD DNG and the approximate solution sig
fronts arrive at the same time and their CW portions are
very good agreement, the difference spectrograms filter
most of the CW behavior and reveal the importance of
apparent time delay and dispersive properties of the lea
and trailing edges of the FDTD results. One finds that
CW portions of the FDTD results are not fully germinat
until a time later than with the approximate solution. Sim
larly, the trailing edge of the FDTD result contains inform
tion that is delayed relative to the approximate solutio
These delays reinforce similar observations made with
gard to Figs. 5 and 6.

By aligning the CW portions of the FDTD and the a
proximate solution results and then generating the differe
spectrogram, one can filter out all of the CW behavior a
highlight the remaining low and high frequency behavi
The spectrogram for the 2-16-2 input pulse results meas
at z50.01 m is shown in Fig. 12. The transition from the o
state to the CW state in the FDTD DNG data shows
necessary presence of higher frequency components
early in time to reconstruct the pulse front. The lower fr
quencies of the leading edge needed to complete the
sponse in the DNG medium arrive later. This explains
slower turn-on of the FDTD results in comparison to t
approximate solution. The trailing edge of the DNG FDT
result does contain significantly more of the lower frequen
components while the presence of higher frequency com
nents earlier in time aids the transition from the CW porti
to the off state. This behavior adds delay to that alrea

FIG. 11. ~Color online! Spectrogram of the difference betwee
the dispersive DNG 2-16-2 FDTD result shown in Fig. 8 and
corresponding approximate analytical solution. Red/dark region
the right~blue/dark region on the left! represents larger FDTD~ap-
proximate solution! values.
02661
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incurred with the turn-on portion of the pulse and expla
the apparent lag in the turn-off of the FDTD results.

V. CONCLUSIONS

The one-dimensional electromagnetic problem of a c
rent sheet source in a dispersive DNG medium was con
ered. A lossy Drude model of the DNG medium was us
The solution was generated numerically with the FDT
method. The analogous problem in a nondispersive D
medium was also considered. It was shown that the solu
to this problem is not causal in agreement with similar o
servations given in@5#. Approximate solutions that combine
causal envelopes and the NIR properties of the nondisper
DNG medium were constructed; they were shown to co
pare well to the FDTD results for the dispersive DNG m
dium. It was thus demonstrated that causal results do ind
require the presence of dispersion in DNG media. Spec
grams of the FDTD results for the dispersive DNG mediu
and of the differences between those FDTD results and
approximate analytical solution revealed that the highest
quency components, which experience a DPS~PIR! medium,
arrive first and are responsible for generating the front e
of the dispersive DNG pulse results. They also revealed
the trailing edge contained significant lower frequency co
ponents that see a DNG medium and have much slo
wave speeds. The apparent delays in the germination of
CW portion of the pulse and in its termination were corr
lated with these dispersive effects. Thus, the dynamic resh
ing of the DNG pulses occurs because of the different arr
times for the higher and lower frequency components.

It was also demonstrated that the CW portions of

n

FIG. 12. ~Color online! Spectrogram of the difference betwee
the dispersive DNG 2-16-2 FDTD result shown in Fig. 8 and t
corresponding approximate analytical solution when their CW p
tions are aligned. Red/dark region in the left-upper and right-low
portions of the left side and in the left-upper and right-lower p
tions of the right side of the figure represents larger FDTD valu
Blue/dark region in the left-lower and right-upper portions of t
left side and in the left-lower and right-upper portions of the rig
side of the figure represents larger approximate solution values
5-8
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pulses do obey all of the NIR effects expected from a tim
harmonic analysis in a nondispersive DNG medium. Th
CW analyses of DNG media are credible as long as v
narrow bandwidth pulse trains are considered for any pra
cal realizations. This has been the case in all of the exp
mental results reported to date. Moreover, time delays for
realization of the NIR effects are inherent in the proces
dictated by the dispersive nature of the physics govern
them.

Even though the results presented here were derived
the broad bandwidth DNG Drude model, it is anticipated t
the dynamic reshaping due to dispersive effects will a
play a similar role in current metamaterial realizations
DNG media. This is particularly true of the planar impleme
tations @15–18# that realize the Drude behavior. It shou
also be true for the nonplanar metamaterial constructs
involve highly resonant elements that achieve DNG prop
ties in narrow frequency bands. In fact, this dynamic resh
ing will occur at a faster rate since changes in the med
parameters from the DPS to the DNG states will be mu
more rapid. Furthermore, the dynamic reshaping must
occur at the interfaces between DPS and DNG media.
delays in the reflected pulse formation observed in@12# and
@13# occur as the dispersive effects sort out the freque
n
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components for the wavefronts and the appropriate propa
tion directions for the reflected and transmitted waves. Si
most of the current nonplanar DNG metamaterial expe
ments are of the slab variety, these dynamic reshaping eff
would be measurable if the experimental results were
solved in time.

It is interesting to note that the DNG results presen
here can be related to Feynman’s description of the inte
tions of electrons and positrons@28#. In particular, if one
views the causal envelope propagating forward in time as
electron and the NIR CW wave propagating backward
time as a positron, then the positronlike CW wave is ann
lated by the electronlike envelope at the pulse front. T
scattered particle is the resulting wave that contains the N
properties but is causal and propagating forward in time. T
vertex interaction is smeared in time by the dispersive
fects; it funnels the highest frequencies into the pulse fr
and properly distributes the higher and lower frequencies
provide the transition from the off-state to the CW on-sta
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